The establishment of global helicopter linear model is very precious and useful for the design of the linear control laws, since it is never afforded in the published literatures. In the first principle approach, the mathematical model was developed using basic helicopter theory accounting for particular characteristic of the miniature helicopter. No formal system identification procedures are required for the proposed model structure. The relevant published literatures however did not present the linear models required for the design of linear control laws. The paper presents a step by step development of linear model for small scale helicopter based on first-principle approach. Beyond the previous work in literatures, the calculation of the stability derivatives is presented in detail. A computer program is used to solve the equilibrium conditions and then calculate the change in aerodynamics forces and moments due to the change in each degree of freedom and control input. The detail derivation allows the comprehensive analysis of relative dominance of vehicle states and input variables to force and moment components. Hence it facilitates the development of minimum complexity small scale helicopter dynamics model.
Introduction
The dynamics of rotary wing vehicles are substantially more complex than those of its fixed-wing counterparts. For full-scale helicopters the aerodynamics analysis was presented in literatures such as [1] and [2] . The treatment for stability and control were presented in [3] and [4] . The rigid body dynamics approach standard in the analysis of aircraft dynamics as in references [5] , [6] and [7] is insufficient to capture key dynamics of a rotorcraft vehicle. The rotorcraft dynamics are characteristically typified by the coupled rotor-fuselage dynamics. The small scale rotorcraft dynamics is further characterized by the existence of stabilizer bar and active-yaw damping system to ease the pilot workload.
The rotor head of small scale helicopter is significantly more rigid than that of its full-scale counterpart. This not only allows for larger rotor control moment but also alleviation of second order effects typically found in fullscale helicopter dynamics model. The majority developed model for RUAVs are based on frequency-domain identification. It has been demonstrated that the relatively low order model developed using this approach is sufficient to describe the helicopter dynamics around trim conditions. It must be noted however that the accuracy of this approach decreases with the presence of feedback which is needed for example to stabilize the helicopter in hover. The method is also unreliable to describe low-frequency modes, primarily due to pilot feedback [8] . Other linear model development was given by [9] by using time-domain identification. The system identification approach requires experimental inputoutput data collected from the flight tests of the vehicle. The flying test-bed must be outfitted with adequate instruments to measure both state and control variables.
The paper presents an analytical development of linear model for small scale helicopter based on first principle approach. Beyond the previous work in [8] , the calculation of stability and control derivatives to construct the linear model is presented in detail. The analytical model derivation allows the comprehensive analysis of relative dominance of vehicle states and input variables to force and moment components. And hence it facilitates the development of minimum complexity small scale helicopter dynamics model that differs from that of its full-scale counterpart. In the presented simplified model, the engine drive-train dynamics and inflow dynamics are not necessary to be taken into consideration. The additional rotor degrees of freedom for coning and lead-lag can be omitted for small scale helicopters. It is demonstrated analytically that the dynamics of small scale helicopter is dominated by the strong moments produced by the highly rigid rotor. The dominant rotor forces and moments largely overshadow the effects of complex interactions between the rotor wake and fuselage or tail. This tendency substantially reduces the need for complicated models of second-degree effects typically found in the literature on full-scale helicopters.
The presented approach is not limited to specific trim conditions like hover or forward flights and therefore can be used to develop a global model of small scale rotorcraft vehicle to the purpose of practical control design. The contributions of the thesis are two-folds: an analytical development of linear model of small-scale rotorcraft vehicle based on first-principle approach; and the development of novel algebraic approach for control design. To date, to the author knowledge, the works represent distinct treatment not available in the literatures.
Dynamics of small scale helicopter
The approach to helicopter modeling can be in general divided into two distinct methods. The first approach is known as first principle modeling based on direct physical understanding of forces and moments balance of the vehicle. The challenge of this approach is the complexity of the mathematical model involved along with the need for rigorous validation. The second method based on system identification basically arises from the difficulty of the former approach. The frequency domain identification starts with the estimation of frequency response from flight data recorder from an instrumented flight-test vehicle. The parameterized dynamic model can then be developed in the form of a linear state-space model using physical insight and frequency-response analysis. The identification can also be conducted in time-domain. The author argues that, any modeling should start from adequate basis in first-principle. In practice, the above two methods can be used hand in hand in developing an accurate small scale rotorcraft vehicle model for the purpose of control design.
Small-scale helicopter parameters
The X-Cell .60 SE small scale helicopter's parameters are used in developing mathematical model. The mini helicopter as shown in Figure 1 : is characterized by a hingeless rotor with a diameter of 0.775 m and mass of 8 kg. The X-Cell blades both for main and tail rotors use symmetric airfoils. 
Euler-Newton equations of motion
Rigid body equations of motion are typically used for modeling the dynamics of fixed wing aircraft. This model is typified by the use of linear stability derivatives, which are a linearized form of the rigid-body dynamics, providing important analysis of the vehicle's dynamics, stability and control. This approach has a limited application for rotorcraft vehicles particularly for the design of highbandwidth control design and rigorous handling-qualities analysis. However, it must be noted that the linear stability derivative models from rigid-body dynamics can be a good starting point for a development of more accurate rotorcraft model.
The motion of a vehicle in three-dimensional space can be represented by the position of the center of mass and the Euler angles for the vehicle rotation with respect to the inertial frame of reference. The Euler-Newton equations are derived from the law of conservation of linear and angular momentum. Assuming that vehicle mass m and inertial tensor I , the equations are given by: helicopter, the external forces and moments consists of forces generated by the main rotor, tail rotor; aerodynamics forces from fuselage, horizontal fin and vertical fin and gravitational force. For computational convenience, the Euler-Newton equations describing the rigid-body dynamics of the helicopter is then represented with respect to body coordinate system by using the kinematic principles of moving coordinate frame of reference as the following: ( ) ( ) These expressions are solved by iteration.
The torque is given by the following expressions.
Tail rotor thrust and torque are calculated by the same manner as those of main rotor, by including the main rotor wake, K λ , and vertical fin's blockage factor, f t .
where
The main rotor flapping motions are given by the following expressions.
( ) ( ) 
2.2.2
Fuselage, horizontal fin, vertical fin Fuselage, horizontal fin and vertical fin are subject to drag force generated by relative airspeed, which comes from the motion of helicopter's body relative to air and rotor's induced wind.
Trim condition
For helicopter, there are in general two distinct trim conditions: hover and forward flight. Other conditions include steady turns and helices, which are excluded in this paper.
2.3.1
Hover The hover condition is characterized by zero velocities and angular rates.
This expression is used to solve (3), (4), (5), (6), (7), and (8) for the trim value at hover. The flight condition represents a nearly straight level flight.
Step-by-step derivations are elaborated similar to the case for hover. 
Linearized equations of motion
The vehicle equations of motion in general can be represented by a nonlinear vector differential equation as follows.
( )
where x is the vehicle state vector and u is the control input vector. This nonlinear differential equation of motion is linearized around an equilibrium state 0
(32) uses the linear perturbations of the state and input vectors of the vehicle. This principle of small perturbations is then applied to each of the expression for forces and moments of the helicopter: (3) , (4), (5), (6), (7), (8), (9), (10), and (11). 
The elements of A and B are obtained by partially derived the total force and moment perturbation toward each degree of freedom plus re-expressing the kinematic relation in term of each degree of freedom.
( ) 
The stability derivatives
The force and moment derivatives of each helicopter component can be obtained by analytical calculation, except for those of main rotor's and tail rotor's, which require iterative calculation. A computer program is used to solve the equilibrium condition and to calculate the change in aerodynamic forces and moments due to the change in each degree of freedom and control input. The following subsections summarized the values of the derivatives. Main rotor derivatives To assign the values to the derivatives, all parameters are plotted as function of the states and inputs. The value of the derivative can be calculated as the gradient of the curve evaluated at the trim condition.
2.5.1.1
Flapping derivatives For flapping derivatives, the plots are given in the following figures (only those with respect to u), followed by their values (omitting zero vectors). 
Derivatives
Hover Forward Flight Unit 
2.5.2
Tail rotor derivatives Tail rotor thrust and torque are calculated by the same manner as those of main rotor.
2.5.2.1
Tail rotor thrust, torque and induced velocity derivatives 
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Stability Analysis
According to ([4] , 1964), we can assume that the crosscoupling dynamics is insignificant. Therefore, rearranging (44) and (45) for consecutive longitudinal and lateraldirectional states respectively (including main rotor flapping dynamic as augmented states), we have these expressions for A and B.
long-ver lat-dir 2 long-ver lat-dir long-ver 2 lat-dir long-ver lat-dir 2 long-ver lat-dir long-ver 2 lat-dir 
Hover dynamics
The hover regime is characterized by weak coupling between longitudinal and lateral directional mode at least for the purpose of instruction. The longitudinal hover dynamics of the X-cell helicopter is represented by the following system and input matrices. 
The lateral directional hover dynamics of the X-cell helicopter is represented by the following system and input matrices 
The corresponding eigen values along with their frequency and damping for the system matrix are 
The results of the comparison are tabulated as the following:
Short period Phugoid Heaving -4.62 10 2.5 10 7.73 10 2.3 10 1.4 10 3.6 10 -1.094 10 3.8 10 -7.73 10 5.94 10 1.93 10 1.00 10 -1.4 10 -4.9 10 2.6 10 -1.68 10 1.8 10 2. Table 12 st nd rd th th Table 13 The plots of the eigen vectors are presented in the following figures. Figure 12: shows that the short period mode is dominated by the pitch angle response θ and the longitudinal flapping a 1s . Figure 13: shows that the heaving mode is dominated by the vertical velocity w. Figure 14: indicates that the phugoid mode is composed of forward velocity u and the pitch angle θ. 
The lateral-directional forward flight dynamics of the X-cell helicopter is represented by the following state and input matrices. In the above expressions, the flapping dynamics is not included. The corresponding eigen values along with their frequency and damping for the system matrix are In general the eigen value shows that the system is stable. The first pair of eigen values represent a lightly damped, long period oscillation which is comparable to phugoid mode in fixed-wing aircraft. The third and fourth eigen value represent a damped pitching mode. The lateral-directional eigen value shows that the system is stable. The pair of complex-conjugate eigen values represent a combination of roll and yaw motion corresponding to dutch-roll mode in fixed-wing aircraft. The first eigen value is a stable spiral mode while the fourth represents a roll subsidence.
The eigen vectors analysis is similarly conducted as in the hover case as follows. Table 16 The eigen vector plots are given in the following figures. For cruise condition, the heaving mode consist of combination of w and θ. The short period mode is dominated by θ and the longitudinal flapping as in the case of hover. 
Conclusions
The linear model developed in the previous chapter is obtained by analytically deriving the stability and control derivatives of the small scale helicopter. The stability analysis was conducted in 3 to analyze the key dynamic characteristics of the vehicle without which it will be impossible to produce a model that is accurate but adequately simple to be practical for control design and analysis. Once the model is developed, a validation can be made by comparing the response of the linear model to that of the nonlinear model for the same input performed in the vicinity of the trimmed condition.
